More applications of Laplace’s Equation to 2 dimens
Consider a pipe with the following bc:
bc: v(0,y)=v1:v(b,y)=v2:v(x,0)=0:v(x,a)=0

Approach:
Solve this first:
bc: v(0,y)=v1:v(b,y)=0:v(x,0)=0:v(x,a)=0

Then solve this:
bc: v(0,y)=0:v(b,y)=v2:v(x,0)=0:v(x,a)=0

Solution is superposition of the two solutions.

VAV =0= 42X+ L2% — 0= V = (Ae ™+ Be'™)( Csir{ ky+ Dcoé k)
BC: v(x,0)=0 so D=0

V = (Ae ™ +Be™ ) sin( ky
BC: v(x,a)=0 so
ka= = V:(Aef% + Be%rx) sinf ")

Problem now branches:
Apply bc at x=b:

V=(Ae ¥ +Be¥sin(™)= 0= Ae¥ + BE )= A= B
Solution is now:
V:B'(—e e+ e‘“‘x) sir{ ky= E{ 0l L:(X’b)) sifm )
We can write this in terms of the sinh:
V, =B, sinh(2( x— b)) sin= y)
The general solution is then given by:

= ivn = ianinh(%(x— b)) sin(= y)

n=1 n=1

We can do the Fourier analysis as before:
at x=0, we have:

V=V (0,y) EB sinh(—m®) sin( y)
fV Sln mny dy EB sinh(— ””b)f sifZ y sif™ y dy-4 B sinf-")

2% if m is odd

{VlSin(%> = 0 if mis even

This gives us:




. 2Vja 4V,
2B, sinh(— M) =22 = B =41

M sinh{ 7o)
This is thus the general solution:
= sinh( 2 x— b) .
V#1<X!y): Z %Msm(”—; y)
n=1,3,5,... H a)
now we need to do the second branch:
V. (X,y) = (Ae’% + Be%) sin(")

at x=0, V=0 so we thus have:
A=-B. The two solutions then add up to be a sindirag

V,(x,y) =B, sinh(™) sin(%)
At x=b, we thus have:

V, = ianinh(%) sin(%)

fV sm ”‘"y dy ZB sinh(™) f sw(“"y) snﬁ ) dy= B sinff)2
We can thus write the second solutlon.
V= > S Elgin(m)

n=1,3,5,..
| can now erte the general solution as:

o0

sinh(( x— b) sinfm) | . it
V(x,y)= n_1z,3;5,...nin V, s:r(,%m;)) +V, sz";b”sm (y)
This can be simplified a bit:
V(x,y)—n > nnsmr(mb [V sinh( ) — V, sinh( (% —2))| sl m)

I've made a nice model of this potential for sorather specific values of the above
parameters.

Suppose we have a box held at potentials V3 andw $ointed along the x axis.
Then:

i aly
5 nrt
Suppose have a box held at potentials V1V2V3W solution is then:

S any8) S| o ) |\, s
V(X y)= =1\ +V lsin (X )+ |V, ———" +V sin
( y) n:%f:,.“ 3 sinh(—umb) 4 sinfj-mb) ( ) [ 1 sinf-om) 2 5|nb7)} ( y)

Nasty, but it's really the general solution for@twith 4 potentials!

sinh(27( y— b)) Iy h( )

nm
3 sinh(—om) 4 sinAm) Sln( X)




A 3-d laplace problem:
This is example 3.5 in your text.
we need to solve:

_'2 21 - -
VAV =0= 2% 4 2% 4 2% =0
we separate as before, assuming a solution obthe f
V =XYZ
We then can obtain:

18°X 4 19% 4 10%2
X 0x2+Y 0y2+z 822_0

We have three separation constants here:

1 9%X
X 9x? _Cl
1.0%Y __
Y ooy CZ
10°2 _
Z 972 C3

with C,+C,+C,=0
Here are the bc:
V=0@y=0, V=0@y=a, V=0@z=0,V=0@z=b,V=0@x=infinity, ¥a(x,y) @x=0
we therefore want oscillatory solutions in the ylandirection. We’'ll thus choose these
separation constants to be negative. Thus:

C,=-K:C,=—p';CG=K+ ¢
In the x-direction, we have exponentially dampettteasing solutions. We thus have:

V(x,y,z):(AewwxﬂL Bemx)<Csir( ky+ Dcob kj)( Esip gz Fcps

| can pick out constants that need to vanish pesgjly. They are:
A, D and F. Combining the remaining constants gives

V(x,y,2) = Ce V™ sin ky sirf px
We use two of the other boundary conditions to @at&l k and p:
ka= = k=T
pb= nTt=- p="""
The general solution is a double sum:
Vo (%,y,2) = Coe & iy sifm
We thus have:
V(x,y,2) =33 "G, e WX i g sim y

Let me show you how to fit up the remaining boudarmdition. At x=0, we have:

Vo (y,2)= ii Com SIN(Z y) sin(" 2

n=0 m=0



You will evaluate this with an expanded versiorfofirier’s trick:
y=az=b y=az=b

ff (v, z)sin(%" y) sin(=z 2 dydz—zz anf Siftt Y sifrm )z s(Ax
y=02z=0

)y siey )z dy
n=0 m=0 y=02z=0
We know how to evaluate this on the right hand.sldes gives
y=az=b
ffv y,z)sin(%t y) sin(%" 2 dydz= G452
y=02z=0

Let’s eliminate the primes to write:
y=az=b

Com :%f fvo(y,z) sin(Z y) sin(™C 3 dyd:
y=02z=0
This is still quite general at this point. Let’s stkanow the specific problem of the

potential being constant on that face. We then have
y=az=b

m_4v°ffsm (" y) sin(™2 3 dyd:

y=02z=0

We know how to evaluate each of these integrats dlse result is
Oifnormis even(l

nm — 16v0

isnand mare o
It is now p053|ble to write the general solution:

16V0 Z Z a X sin(D )sn( 2

n
n=1,3,5,..m= 13,5,

Your author suggests that a reasonable approximmdmld involve keeping only the
first few terms, however for more precise numercatulations, you will want to
formulate some more extended method, | believe

Let’s go on now to solutions in symmetries othemthectangular

Spherical Coordinates3.3.2

We are going to follow the lead of your author hane work only with problems that

have azimuthal symmetry. If you need to break simmetry, I'll refer you to “Classical
Electromagnetic Radiation”, Second Edition by Marand Heald page 65 where the
problem is given a more general treatment. Thertreat that we’ll give this problem
will work in many situations and the more geneduson is really not all that much
more complicated. One note about the reference othanset of electrostatic units is

defined and used in that text.

If you refer to the useful page, you will find thaplacian in spherical coordinates given

as.
BZT :%%(rz%) + r23|Jr-1( 9) 08 (SIn(e) )+ rzs|:-|2( 8) g:)-l;




In the present treatment, this reduces to:
0PV =242 %)+ i w (5in(0) %)
Laplace’s equation is:
VA =0
We thus need to solve:
#(r* %)+ B (sin(8) ) = 0
We will separate this as before:
V =R0O
We thus have the simplified result:
%%(rz ?T’?) + é sin(8) 08 (Sln(e) ) =0
Because people have worked with this before, we kwdhow to most effectively
choose the separation constant which is of the fori{i+1). We’ll choose it so that:

Fa(rt ) =1(+1)
é)sln( 9) do (Sln(e) Cﬁ)__l (I +])
Sorry that the fonts for 1 and | are so close.
We can write the solutions to the R equation:
R(r)=Ar +-2&
The angular equation is more complicated.
(sm( )L )— ~-1(1 +1) sin(6)©
These solutions are, however, well know to physitss... the solutions most useful
are known as Legendre Polynomials:

©(8) =R (cog0))

And the polynomials are most easily define by the &lrigues formula:

|
PI(X) 2%.[< ) (X _l>
There is, of course, an entire other set of solutig but normally these are not used

except for special geometries where, for exampldhe z-axis can not be reached,
because of their divergent properties along the zxas.

You can find out a lot of information about the Legndre polynomials at:
http://mathworld.wolfram.com/LegendrePolynomial.html
Here are the first few polynomials:

P(x)=1

( 35% — 30%+—$
63



There are some important properties that you needa know about the Legendre
Polynomials:

fP dX— 2n+16

You can evaluate other integrals involving Legendré&olynomials by reference to
the URL given previously.

We thus can write the most general partial solutiorio V in this case:

Vi (r,0)= (A + £:)R (cog®)

The solution satisfying a particular set of bounday conditions will then be:

V(r,8)= Z(Ar +-2)R (cos(6))

| am going to work through the examples in your tek
Example 3.6
The potential is Vo@) on a sphere of radius R. Find the potential insiel the sphere.

The general solution is:

V(r,8)= Z(Ar +-2)R (cos(6))

|_
We can immediately say that the B’s are all zero ste we don’t want a divergence at
the center of the sphere. Thus, the solution reduséo:

0)= iC:AlrlF’I (cog(6))
1=0
On the surface of the sphere, we require:
V(R,8)=V,(6)
We thus have:
0)= fjA,RlPI (cog6))
1=0

We now employ Fourier’s trick:

0=m

J Vo(O)R: (cos(8))[ sirfe) @ z AR f H cde)) B ct8))| <) o)
. Look at the orthonormallty condltlon above:

f P dX— 2n+16

ThIS can also be written as:

f R (cog8)) P( cod))| site) &)=7%:5

(you'll notlce a shift in the limits for this definition. It's ok here)
We thus see that the integral reduces to become:



0=n

J Vol®)P: (cos0)[sio) 8]=3~ AR%:8 =% A R
0=0
We can now erte the general solution for the A’s:

A =2 f V,(8)P, (cos(8))[ sir(6) @]

Your author refers to the ‘eyeball” method of soluion for the A’s.
let’s look at what he means.

Suppose that on the sphere, the potential is givday:
V, (6) =ksin*(3)
Sincesin’ (§) =4(1- cog6))
we have:
Vo(8)=4(1—cos(8))=&( B( cog®))— B cd8)))
This means that we're only going to get two podsisies for the A’s:
(1) L=0:

O:LRI (cog(8)) R( cot))[ sifB) & =-k =

(2) L=1:
=42 f (cog(8)) B cof))| sifd) &)= —%332=—4%
:The solution to this problem is then:
9):2A,rll3| (cos(8)) =% — ki co$6)=5( 14 cod))

We can write this more simply: sincez = r cog6)
we have:
V(r8)=V(z)=%{1-%)
which clearly shows a linear decrease in V as yowdrom z=-R to z=+R.
I’m not sure why your author did not do this final step.

Let’'s now go ahead and solve for the region outsidee sphere. In this case, we need
a different set of solutions. We had in general:

V(r,8)= Z(Ar +-2)R (cos(6))

|_
Here, however, the A’'s must go to zero and not thB’s. Thus:

V(r,6)= Z P (cog8))

1=0

Notice the typo in eq. 3.72 and in the equation fl@wing it.



As before, the angular dependence is going to beaqity straight-forward.

Oifl =0orl =1 Ol =0oF= 1
= kif 1 =0 =B, = RXifl =0
—Xif 1 =1 —R?Lifl =1

The general solution is then:

V(r.0)=4% 4% R (cog8))= 45( -  cod)))

Let's now look at another application of this formdism.
Example 3.8
An uncharged conducting sphere of radius R is plackin an otherwise uniform
electric field directed along the z axis. Find th@otential in the region outside the
sphere. You may assume the sphere is at zero potiaht

In this case, the potential at infinity will diverge as -Ez+C. This kind-of means we’re
going to have to be careful what we throw away inhe constants. We have as
boundary conditions:
V=-Ezasr—oo
V =0 for r=R

The general solution from Laplace’s equation is:

(r,8 :i( M) (cog(6))

1=0

At r=R, we require V=0. Thus, we have:
(AR"+5)=0= B =—AR™"

RI+1

When r=R and 6=0, the potential must be equal to zero. This mearikat the L=0
term will not be present.
The boundary condition at infinity means that onlythe L=1 term will be present in
the final solution. We thus have:

V(r,8)=A, (r" — £)cos(6)

The final step is to fit Al: at infinity, we find:
Al=-E. Thus,

V(r,8) = —E, (r' — &) cos(6)



V(r,0)= —Eo(rl—'f—f) cog(8)
You can easily find now the electric field:
E=—VV=—UT— 212
Thus:
X =, (1+ 2(%)3) cog6)
= Eo(r—f—f)sin(e)
we then have the electric field given by:

E= E0(1+2( ))co@ - lg( (3)3) sifB)0

We can also find the induced surface charge density

=—g,%| =¢E ( 2(%)3) cos{@)‘r_R = 8, 5 cod)

Now it would not be correct to place two capacitoplate near the sphere (using this
solution) and then try to determine a new potentiabn the capacitor plates. This is
because we would be violating the assumed boundazgndition that we used above.

We can, however, calculate the energy density ofeffield. This is given by:
u= %SOEO _E
Let’s do this:

u:%soEg[co§(6)(}k 48+ 45)°)+ sin(e)( ¢ @)+ @)
a=3e,E[1r 42 + 42)7 cod(e) - sit)]

U:%EoEéll-l— 4B)° — 42+ §%)° co§(e }
= e3[4~ 49+ 2]

This gives a function which is fairly smooth and dops off rapidly as you move away
from the sphere.




