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(1) A resistor R1=10 is connected in series with a resistor R2=100. A current I=0.1 A is
present through the circuit. What is the power radiated in each resistor and also in the
total circuit?

(2) A battery is measured to provide an emf of 1.5 V. When a 10 resistor is placed
across  the  battery,  a  current  of  0.125A  is  observed  to  flow.  What  is  the  internal
resistance of the battery?

(3) A resistor and a capacitor are connected in series to a battery as shown.  If C=1f,
R=1000 k and the battery can supply an emf of 10 V, answer the following questions.

(a) If switch S1 remains open while S2 is closed at t=0, after an
infinite amount of time, what will  the potential difference across
the capacitor be?

(b) How long will it take until the capacitor has a potential difference of 5 V?

(c) After the capacitor is charged to its maximum value, Switch S2 is opened while switch
S1 is closed so that the capacitor discharges through the resistor only. How long will it
take for the voltage across the capacitor to drop by a factor of ½?

(d) What is the maximum charge which is possible on the capacitor?

(e) What is the maximum current through the discharging circuit?
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Power in resistances
The instantaneous power radiated by a resistor is given by P=I2R  

Proof: Looking at the definition of electrical potential and potential difference, we have:
U=QV

where U is the work required to move charge Q across the potential difference V.
Now however, Q has a time dependence, resulting in a current I. Thus, if V is constant,

P≡
Δ U
Δ t

=V Δ Q
Δ t

=IV

We can write this in one of 3 ways using Ohm’s law:

P=IV=I2R=
V2

R

Calculus students would like to see the second line written as:

P≡
dU
dt

=V dQ
dt

=IV

As a passing reminder, in the SI system, the units of power are Watts (1W=1J/1s).
What about the emf from a battery and the like?

It’s important to know how batteries and voltage sources in general work. The interesting
thing is that most people use batteries but either don’t know how they work or believe 
incorrect things about how they work. A battery provides a potential difference internally
due to chemical processes. This is called the emf (ℰ) of the battery. 

(note: control + shift then u then 2130 to produce unicode emf symbol)

A  battery  also  has internal  resistance which  serves to  decrease the actual  potential
which is ultimately supplied to a device from the terminals of the battery if the battery
is  connected  to  a  circuit  in  which  current  is  flowing.  We’ll  call  the  potential
difference that the terminals of the battery provide the “terminal voltage.”

I’ve tried to emphasize this last point. You might ask … what is the effect of the internal
resistance  on  the  terminal  voltage?  The  answer  to  this  depends  upon  whether  the
battery is connected to a circuit or not. As it turn out, both of these cases are related.

Case I:
Suppose a battery with an emf, ℰ, has an internal resistance Ri and is connected to a
circuit which has a resistance R. A current I is flowing (from the battery) into the circuit.
The terminal voltage is given by:

Vterminal=ℰ−IR i

This is somewhat unpleasing since you’ve got to find I in order to determine the terminal
voltage. We can, however do this:

0=ℰ−IRi−IR⇒I= ℰ

(R i+ R)
We can then say that the terminal voltage would be given by:

Vterminal=ℰ−
ℰ

(Ri+ R )
R i=ℰ(1−

R i

Ri+ R )=ℰ(
R

R i+ R )
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Every reference I’ve seen talks about the internal resistance as being a series resistance.
In fact, it might be more appropriate to refer to it as a parallel resistance. In this case,
things are somewhat more complicated. However, since batteries do generally produce a
potential difference for long periods of time (which would not necessarily be true if the
internal resistance were parallel), I believe it is safe to assume here that it will act as a
series resistor and not a parallel resistor.

Case II:
Suppose a battery with an emf, ℰ,   has an internal resistance Ri and is connected to a
circuit which has an infinite resistance (and thus no current flows from the battery into
the circuit).  Look at the last  expression above. It  is  very clear that in this case, the
terminal  voltage and the  emf would  be the  same.  Thus,  since  an infinite  resistance
corresponds to an open circuit, this is what you would measure if you placed a good
voltmeter across the terminals of a battery. 

Time dependence of an RC circuit:
Here  is  a  note  on  capacitors:  strictly  said,  it  is  not  proper  to  refer  to  “charging”  a
capacitor.  In  fact,  what  is  happening  is  that  the  charge  is  being  separated  by  the
establishment of  an emf that forces the charge to separate across the plates of  the
capacitor.  At the present time, the single mechanism we have that will  allow this to
happen is if the charge travels through wires and not between the capacitor plates. Thus
when I say “charging” or “discharging” (and Q), I am referring to the amount of charge
separated. In this sense, if  I  separate 1 positive charge from 1 negative charge, that
would be a charge of e- (not 2e-).

I: Discharging capacitances

Consider this circuit. Initially the capacitor is charged with Q. At t=0 switch S1 is closed.
How do Q, I and V behave in time?

The sum of the potential increases and drops on a closed circuit is zero. You’ll later know
this as one of Kirchoff’s laws, but for now you can see it also is a consequence of energy
conservation. This means that for the circuit shown above:

VC+ VR=0

Now strictly said, this equation ignores any effects due to the finite speed of propagation
of the signal through the circuit. It gets more complicated if you need to consider this
effect. We can rewrite this using Ohm’s law and also the definition of capacitance as:

VC=
Q
C

 and VR=IR⇒
Q
C

+ IR=0⇒Q+ I (RC )=0

We now use the definition of current to establish the time dependence of the circuit.
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It is important to understand just where this current I comes from. Here, like the case of
connecting a battery to the circuit,  the current comes from charges that are moving
through  the  circuit.  The connection  between this  current  and the  rate  of  change of
charge separation within the capacitor is straight-forward: 

Non-calculus: I=Δ Q
Δ t

    Calculus: I=dQ
dt

 .

However, to fully appreciate this, you need to realize that the total charge separation is
decreasing with time. This means then that if Q refers to the positive charge separation,
the rate of  this charge separation changing is  negative.  For our purposes here, this
forces a negative sign to appear in our calculations which follow. 

More details about current
There is another way to realize this: in fact, I is closely related to a vector quantity. Let
me  show  you  the  connection  in  a  different  light.  Suppose  on  a  region  of  space,
characterized by a resistance R you have a potential difference which varies as .
The electric field in this region of space is given by:
 Calculus:  E⃗=−∇⃗ V=−a x̂ .  Now  let’s  look  at  how  Ohm’s  law  becomes  involved:  if

V=IR , we can’t necessarily say that I varies. In fact, the connection would become:
J⃗=σ E⃗ .  Here,  J⃗  is  a “current density” and has units of  Amps/m2.  σ  is  called the

“conductivity”   (with  units  of  
1

Ω m
≡mho )  of  the  material  and  is  related  to  the

resistivity in DC circuits by: σ=
1
ρ . The current is obtained from the current density by

adding up the flux of  current through the face of an area A normal to the current so
that:

 Calculus: I=∯ J⃗⋅dA⃗ .
We will need more of this soon when we talk about magnetism.

Now back to our equation which was: Q+ I (RC )=0 .

you can recognize that this is going to represent a logarithmic behavior. Thus:
Δ Q
Q

=
−Δ t
RC

⇒ln(
Q
Q0

)=
−t
RC

calculus:

Q+
dQ
dt

(RC)=0⇒Q=−(RC )
dQ
dt

⇒
dQ
Q

=
−dt
RC

⇒ ln(
Q
Q0

)=
−t
RC

Take the exponential of both sides to obtain:

Q=Q0e
−t
RC .
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We often represent RC by the symbol  and it is called the “time constant” of the circuit:

Q=Q0e−
t
τ

The voltage dependence is easy to obtain using the definition of capacitance:

V=V0e
−

t
τ

We can obtain the dependence of the current by looking at the rate of change of charge.

Calculus:

Q+ τ
dQ
dt

=0⇒Q+ τ I=0⇒
dQ
dt

=−τ
dI
dt

⇒I=−τ
dI
dt

⇒
dI
I

=
−dt

τ

Again you can recognize that this is a logarithmic dependence:

ln(
I
I0 )=

−t
τ

 
⇒I=I0e−

t
τ

The 3 results we thus have are these:

Q=Q0e−
t
τ : V=V0e−

t
τ : I=I0e−

t
τ

you can also find out how the energy radiated decays with time:

P=IV=I0 V0e−2
t
τ=P0e−2

t
τ

The instantaneous energy stored in the capacitor is given by:

U=
1
2

CV2
=

1
2

CV0
2e−2

t
τ=U0e−2

t
τ

We need to express the initial quantities in terms that we can understand. If a battery
producing an emf  was used to charge the capacitor, then we would have the following
results:

V0=ℰ:I0=(-)
V0

R
=

ℰ
R

=C
ℰ
τ :Q0=

V0

C
=

ℰ
C

=R
ℰ
τ :P0=

ℰ2

R
:U0=

1
2

Cℰ2

II: Charging capacitances

Consider this circuit. It’s pretty much the same circuit as I had earlier except that now
I’ve added a battery to it. In fact, to get exactly the same operation as earlier, with the
capacitor charged, close switch S1 while leaving switch S2 open. Let me show you how
you can charge the capacitor with this circuit. Close switch S2 while leaving switch S1
open and the capacitor will charge up to the point where the emf from the battery is
equal to the potential difference across the capacitor.

This is the simplest way in the world (I think) to see this effect.
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Point (1): the highest voltage that the capacitor will achieve is equal to the emf of the
battery that is charging the capacitor. This is because the capacitor ultimately achieves
a potential which is equal to the potential which is charging the capacitor at which point
current  stops  flowing  through  the  circuit.  If  charge  did  not  unseparate  through  the
circuit, the capacitor would reach this potential difference instantly.

Point (2): as the capacitor is charging, it is also trying to discharge the whole time
across the circuit in the opposite direction to that which it is charging. This gives an
exponential decrease to the potential across the capacitor.

Add these two effects:

V (t)=Vmax (1−e−
t
τ )=ℰ (1−e−

t
τ )

The charge across the capacitor is given by:

Q(t)=Qmax (1−e−
t
τ )=Cℰ (1−e−

t
τ )=ℰ τ

R
(1−e−

t
τ )

The current through the circuit (not! across the capacitor) is given by: [Note: the current
across the capacitor itself will be of a different nature. It is the “displacement current”
which we will study later.]

I=Imaxe
−

t
τ=

ℰ
R

e−
t
τ=C ℰ

τ e−
t
τ .

(we don’t have that pesky problem with minus signs here). The instantaneous power
radiated by the resistor is given by:

P=I2R=
ℰ2

R
e−

t
τ

We can find the total energy radiated by the resistor by adding up all the power radiated
from 0 to infinite time:

For calculus students: Utotal=∫
t=0

∞

Pdt=∫
t=0

∞ ℰ2

R
e−

2t
τ dt=ℰ2

R
∫
t=0

∞

e−
2t
τ dt=ℰ2

R
τ
2

[−e−
2t
τ ]0

∞

=
ℰ2

2R
τ=

1
2

Cℰ2 .

The instantaneous energy stored in the capacitor is given by: U=
1
2

CV2
=

1
2

Cℰ2(1−e−
t
τ )

2

and this varies from zero at time=0 to
1
2

Cℰ2   as time approaches infinity. The battery

did an amount of work given by Cℰ2 . Thus exactly ½ of the energy was radiated by
the resistor and ½ of the energy was stored in the capacitor.
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(1) A resistor R1=10 is connected in series with a resistor R2=100. A current I=0.1 A is
present through the circuit. What is the power radiated in each resistor and also in the
total circuit?
Solution:
The instantaneous power radiated in each resistor is given by: P=I2R. Thus, the powers
radiated are P1=0.1W and P2=1W. The total power radiated is 1.1 W. Suppose that the
two resistors were connected in parallel  and a current of  0.1A was injected into the
circuit element. Then, we need to find the equivalent resistance to answer this question.
The equivalent resistance is: Req=9.091.  The power radiated through this equivalent
resistance  is  P=I2Req=0.091W.  It’s  a  bit  harder  to  find  the  power  radiated  by  each
resistor. However, since the potential difference across each resistor is the same, we
have: 

V=R1 I1=R2 I2=Req I⇒ I1=
Req

R1

I and I2=
Req

R2

I . In this case, then we have

I1=
9.091

10
(0.1 )=0.091A⇒P1=8.26x 10−2W

I2=
9.091
100

(0.1 )=0.0091A⇒P2=8.26x 10−3 W

P=P1+ P2=0.091W

(2) A battery is measured to provide an emf of 1.5 V. When a 10 resistor is placed
across  the  battery,  a  current  of  0.125A  is  observed  to  flow.  What  is  the  internal
resistance of the battery?
 
Solution:
The battery provides an emf and the resistance are assumed to be in series. Thus:

ℰ=I (Rint+Rext )
It’s pretty straight forward now to get the internal resistance:

ℰ
I
−Rext=Rint

In the present problem, we then have:
1.5

0.125
−10=2Ω=R int

How do you measure emf?  The answer is to use a good voltmeter and measure the
potential across the terminals of a battery. You will do this in lab.
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(3) A resistor and a capacitor are connected in series to a battery as shown.  If C=1f,
R=1000 k and the battery can supply an emf of 10 V, answer the following questions.

(a) If switch S1 remains open while S2 is closed at t=0, after an
infinite amount of time, what will  the potential difference across
the capacitor be?

(b) How long will it take until the capacitor has a potential difference of 5 V?

(c) After the capacitor is charged to its maximum value, Switch S2 is opened while switch
S1 is closed so that the capacitor discharges through the resistor only. How long will it
take for the voltage across the capacitor to drop by a factor of ½?

(d) What is the maximum charge which is possible on the capacitor?

(e) What is the maximum current through the discharging circuit?

(a) The maximum potential difference across the capacitor will be equal to the emf of the
battery which is 10V.
(b) The time constant of the circuit is given by:

τ=RC=(1x106 )x (1x10−6 )=1s
The equation describing how the potential difference across the capacitor increases is:

V (t)=Vmax (1−e−
t
τ )=ℰ (1−e−

t
τ )

We need to solve this equation
V

Vmax

=1−e−
t
τ⇒1−

V
Vmax

=e−
t
τ ⇒−

t
τ=ln(1−

V
Vmax

)⇒ t=−τ ln(1−
V

Vmax
) :

Thus, the time for any potential difference increase is given by:

t=−τ ln(1−
V

Vmax
)

For a change of ½, then:

t=−τ ln(1−
V

Vmax
)=−(1)ln(1−

(12 Vmax)
Vmax

)=−ln (1−0.5)−ln (0.5)=0.693s

(c) The equation describing how the potential difference across the capacitor decrease
is:

V (t)=Vmax e−
t
τ

We want to find out how long it takes for the initial voltage to drop by a factor of ½.

Thus:
V

Vmax

=e−
t
τ ⇒ t=−τ ln(

V
Vmax

)=−τ ln(1
2 )=0.693s
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The time to drop by a factor of
1
2

of 1
2

sothat V
Vmax

=
1
3

 is 0.693+ 0.693=1.386s  That's

how exponential decay works.

The time to drop by a factor of 1
2

of 1
2

of 1
2

sothat V
Vmax

=
1
8

 is 3 (0.693s )=2,079s  .

This is the way that exponential decay works. Each succeeding halving of the population
takes the same amount of time as the previous halving of the population. Exponential
change will happen when the change in a population is proportional to the population.

An aside to help you not go bankrupt (you will not see this on one of my tests)
Before  you  borrow  money,  be  aware  of  exactly  how
exponential growth works since the amount of money you owe
will depend upon not only how much you borrow but also the
amount of time required to pay it back.
Suppose you borrow money at a 7% rate, compounded instantly. How
long will  it be until you owe twice the money you initially borrowed,
assuming you pay nothing on the loan?

Answer: $=$0e0.07t
⇒

1
0.07

ln(
$
$0

)=t⇒ t= 1
0.07

ln(2
1 )=9.9Years

What if you had a credit card debt where the rate was 19%. How long
would it take then?

t= 1
0.19

ln (2)=3.65 Years

Ultimately there’s one moral to this story: understanding exponential
growth not only  is  good for your physics grade, but it  is  extremely
important for your financial health!

(d) The maximum charge on a capacitor is given by the limiting behavior of the capacitor
when V=Vmax. Since

C=
Q
V

⇒Qmax=CVmax

In this case, Qmax=10C.

(e) The maximum current through the discharging circuit will happen at t=0 and will 
steadily drop to eventually become zero. The instantaneous current is given by:

I=Imaxe
−

t
τ=

ℰ
R

e−
t
τ=C ℰ

τ e−
t
τ

Here, the maximum current is then Imax=
ℰ
R

=10 V
1x 106

Ω
=1x10−5 A


