Magnetic Field from a wire solved 3 ways.
Sﬁﬁ odl = Wl
Choose a wire running a current along the +z direction. Then according to the right
hand rule:
B=B6
In terms of Cartesian coordinates, we write the cylindrical angle unit vector as:
6 =-sin(0)X +cos(0)y
Proof:

We want a right handed coordinate system in cylindrical
coordinates so that:

Fxf=2
The radial unit vector is given by:
f = COSOX +sinoy

And so:
X y z
fx§=|cos® sin 0 =2[6,cos6-6,sin6]|=[6 cos0-0,sin6]=1
o, 6, 0

An obvious solution would be:
8, =-sin6:6, =cos = 6 = —sin6X +Cos 8y
It is clear that this gives zero projection along the z axis and also
it has a magnitude of 1.
Thus this is the desired unit vector.
Now we then have:
Bedl = [B,X+B,y |*[dxx+dyy]
to find the x and y components of B, you do the usual operation:
BeX=B,=Bbek=-Bsing:Bey =B, =Boey=Bcos6
Thus:
Bedl = -Bsin@dx + Bcos 6dy
Now, on a circular path of radius R, we have:
dl =dxx +dyy = [-Rsin6x +Rcos6y |de
This then gives:

0=2n

I§odT=BRd9:>SBI§odT=BR j de = 2nRB
0=0

Now apply Ampere’s law:
$Bedl =pgl, = B(27R) =yl = B = 2% 6
This is for an infinitely long wire carrying a current | in the +z direction.



Now let’s calculate the same via Biot-Savert:

d B Ho'd |><r,
475‘ |p‘
We calculate this above the symmetric center of the wire. Again let the wire run along
the z axis with current going in the +z direction. Let’s calculate it say at a point £ in the
xy plane. Then:

dl=dzz:0 =X X+Yy,y:E=2Z=T, =XX+Yy-27

Then:
Xy z
d[xF, =dz, [iix(xp>“<+yp§/)} =dz|0 0 1|=dz[-yX+x,Y]
X, ¥, O

so the differential magnetic field is:
on| s -
d§ _ H_ol X5 +Yp+2| _ H_o' [—ypx+xpy] dZ
4n [x§+y§+zi2] 4z [x§+y§+zi2]3/2 !

For a finite wire stretching from -a to +a we have:

z;=+a

a
dZi — Z _ 2a
22a [x§+y§+zi2]3/2 x +Yp \/x +yp+2} | . x +yp \/x +y2+al
Now let’s recognize that the polar radial vector is given by:

= A A =1 2 2
rp —xpx+ypy:>‘rp‘ —«[Xp +Y,

Then the magnetic field is given by:

B= Ho|[ ypx+Xpy:|{2 < 2}
We can simplify further:

o 1ol _ pol —SinBX+CosBy ol
B=4[- ypx+xpy]{2 : 2} 2d 2a 2 _2

22 +a? Jr2sa? = 2mr Jr2 a2
Now in the limit as the wire becomes infinite, we have:
imEs=1
So the magnetic field from an infinitely long wire by direct integration is:
B=2

2nr

Finally done using Ampere’s law but in a simpler viewpoint:
On the circular path, B is constant in direction and magnitude and is parallel to the
differential path:

$Bedl =Bfdl=B[dx*+dy* = Bj\/r2 (-sin®)*[de]’ +r?(cos6)’ [de]’
S .

6=2n

9S|§-dT=Br j de = 2nrB
0=0

Then:

2nrB = uolc:>B

an



