2.1.4 Continuous charge distributions

We have talked about discrete charge distributions and obtained the result for the
electric field:

However, it is possible to also talk about continuous charge distributions. There
are several simple geometries to cover here:

charge densities: linear:dg,=1dx;: surface:dq,=odx;dy,: volume:dqg,=pdx;dy,dz,
With the use of the delta function, it is also possible to represent point charges.
For a linear charge distribution:

- Ax)dx, .
E,= f k <X'2 . Fip
all x, Fio
For a surface charge distribution:
= o(x;,y)dxdy, .
E,= f k 2 Fip
all x,,y, rip

For a volume charge distribution:

= p(Xi,Y;,z;)dx,dy,dz;
E,= f k 2 Fip
all x,,y;,z rip

In each of the formulations, the integral is over the charges.

Example 2.1:
A wire has a length L and has a constant charge density A. Find the electric field
along the (positive) mid-sector. Note | have modified this problem slightly.

Let the wire lie along the x axis from x=-L/2 to x=+L/2. The total charge is given
by X=+L/2
Q= | adx=h|x|'2=nLon=2
x=—L/2 L
Now find the various vectors we need:
p:(0,Y,,0):i:(x;,0,0): F =F —F ==X X+y,¥

Formulate the electric field:

. Qxi:+L/2 (_xi§(+yp9)

R R
x=—L/2 {xi+yp}

This integral is easy enough to do via that alpha site: integrate (x ~2 + y~2) ~(-3/2) dx

x,=+L/2 d +L/2
Y, dX; Yp X L

The solution for the y integral is f =
Yf)\/XiZTYf) 2 Yo (L/2)2+y§

3/2
x;=—L/2 [xlz +y§]




Xi=+L/2

The solution for the x integral is: - % =0
\/Xi Yo X=-L/2
We now put all this together:
E =kg L N kQ N

Y=—TF——Y
T Ly Py y (2P +y?
We want to show though that for large y, the expected results obtain.

E,= (3 y~ ?y: Q 24
2 | L 1 Yo dne,Yy
Vil
Yo

_E: kQ Y 27\,/\ - )\' y

This is the same result as will be obtained by application of Gauss's law to an
infinitely long wire with a linear charge density A.

| want to give two other examples now.

A plane with each side L has a uniform surface charge density o. Find the Electric
field in the region above the symmetry axis in this system. The plane is located in
the x-y plane.

yi=+L/2 x=+L/2
Q= f _f odxidyi=0L2=>o=%
y=—-L/2 x=-L/2 L
Calculate the vectors needed:
F=XX+Y,y+02:F =0X+0y+2,2: 7 =—X,X—y,;Y+Z,2
Formulate E:

—XiX—Yy,y+z,z
312

Ep:k% f dy| f dXi » » "
W3 X3 [Xi+yi +z,

The x and y components integrate to zero ... you can also use a vector argument
here. So the only component which can survive is the z component.
Our electric field then reduces to:
2 ) dX-

yi:_% Xi:_zL [Xi +y' +Zp}

At the alpha site: integrate (x “2 +y ™2 +z ~2)" (-3/2)

L/2 X L/2 L
dx(x*+y’+2°) "= _
Lf/z ( ) (Y2422 +y2+22| |, (Y2+22 (L2 +y2+2°

And:



integrate (1/((x~2 + z ~2)*(@™2+x"2+4272)"(1/2))

L2
tanfl L
sz dx zVal+x°+7°
x=—L/2 (x2+22)\/a2+x2+z - az L2
. g .
L/2 dy 4 ., Z
f 2. 2 2 2 2:_tan
vz (y2+Z22) VL2 4+ yiz? Lz \/Lz ,
?4‘2

So the electric field along the symmetry axis is given by

L2

E=2z k%Litan’1 4
PTL Lz L2 ,
Zp ?—’_Zp

We can easily examine this as z becomes large

For large z we have
L J? Q L) . 1 Q.
zz K Lz 22, ZkQZE kzzz

z,k QZL—tan !
L° Lz, 2z,
What about as z gets small?

llskaon=s
2 dme,




Problem 2.6
As another example, consider a disk of radius a, charge Q in the x-y plane. Find
the electric field above along the symmetry axis

r=af=2n

f f ordrdf=ona 20—%
=0 020 na
F,=x,§<+yi§/+ F =Ox+0y+z 21T ==X X-y,y+22
ra o= +
E=k [ f XX- yy(;zz)rdrde
r=0 0=0 [X +yi+zp}
. r=a 0=2n . 0 o in(e A_{_ 5
e kT o|-rcos(6)x r?:;)( )y sz)rdrde
2 2
r=0 0=0 [r +Zp]
r=a 5
Epzznkf (Zii)lz)rdr
r= O[I’ +2z ]
E =2nkoz zf dr(m)
r=0 [r +z }
at the alpha site: int x /(x 2 + z ©~2) ™~ (3/2)
Result:
-1 1
E =2nkoz, Z +—
; Val+Z2 2
For large z: we have:
g _2nkozz| -1 .| 2nkozz| . &’ .| 2nkozza®  Q
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For small z: we have that as a gets large

= A 1
Ep~27[k02p2 W =

Note here is a useful reference for series expansions
http://dImf.nist.gov/4.6
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A pipe of length L and radius q is located along the z-axis from -L/2 to +L/2. Find
the electric field in the +z region if the pipe has a surface charge density.

0=2m z=+L/2

Q
Q= cadzdo=c(2nal)=o0=
e!o z_!uz 2nal

A

z
dedz,

Epzkoe_fﬂi_}uz —acosfx—asinoy+(z,—z|

0-0 z——L/2 [a2+(zp_zi)2}3/2

let x=z,-z;:dx=-dz;:z=-L/2=x=2,+L/2:z2=+L/2=x=2,-L/2

x=z,—L/2

_Ep=—22ﬂk0 &3/2
x=z,+L/2 [az—l—xz}
As before then:
N ) _1 z,—L/2 ) 1 1
E=-2z2nko =—72nko —
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